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Abstract. The single-particle energy, velocity and height
probability distributions for an ideal gas in a gravitational
field are obtained within the microcanonical ensemble
framework. The asymptotic expressions for these
distributions in the thermodynamic limit are also reported.

1. Introduction

In most textbooks on statistical mechanics, the micro-
canonical ensemble serves as a necessary and academic
first step to introduce the ensemble theory, but it is
rarely used in the study of specific systems. Two main
reasons can be argued for this lack of applications.
First, many real systems are not kept at constant
total energy. Second, from a mathematical (opera-
tive) point of view the expressions appearing in this
ensemble are less familiar to the students than those
appearing in other enserables. On the other hand,
the use of computer simulations in this field have
become usual in statistical mechanics classrooms,
with the aim of both illustrating experimentally the
behaviour of the system and supporting the theoreti-
cal expressions. In this context, it must be noted that
the majority of these computer simulations are
designed for a finite system having a constant total
energy. Then, it is clear that a correct interpretation
of the results can only be achieved by comparing
the computer simulation data with the microcanoni-
cal formulae. This correct comparison could be
essential in studies of small systems,

Perhaps the most typical example to which the
above paragraph applies is the calculation of the
probability distribution, w{7"), of the momentum 7
of one of the particies of an ideal gas. Students know
that such a distribution has the Maxwell form (or the
Maxwell~Boltzmann form if one is concerned with
the distribution of the absolute magnitude of the

Resumen. Haciendo uso de la colectivdad microcandnica, en
este trabajo se obtienen la distribucion de probabilidad para
la energia, la velocidad v la altura de un particula para un
gas ideal en un campo gravitatorio. También se obtienen las
correspondientes distribuciones en el limite termodinémico.

velocity: v = |pl/m). Strictly speaking the Maxwell
expression is the distribution of particle momenta
in the canonical ensemble. However, in the micro-
canonical ensemble this distribution has a form that
differs from the Maxwell one, approaching Max-
well’s form in the thermodynamic limit. Therefore,
the momentum distribution generated in micro-
canonical simulations must be compared with the
appropriate microcanonical form and not with the
Maxwell form. In a recent issue of this journal
{(Velasco et al 1993), the importance of this question
in studies of systems with a reduced number of parti-
cles has been discussed. This is the case, for instance,
when the simulations are performed with a reduced
number of particles in order to make the simulation
in a reasonable time, or when one is interested in
the behaviour of small systems, such as clusters.
The aim of the present work is to analyse, follow-
ing the above discussions, the single-particle distribu-
tions for a particularly interesting system: an ideal
gas in a gravitational field. There are several pedago-
gical reasons for this study. First, this system is more
realistic than the usual ideal gas. Second, not only
momentum (or velocity} and evergy distributions
but also a position (height) distribution appears in
this problem {remember that, in the absence of a
gravitational field, for the ideal gas all positions
inside a vessel are equally probable). Third, this
system js very useful in illustrating some properties
of probability distribution functions (factorization,
statistical correlations, etc). Furthermore, we note
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that the single-particle distributions for this system in
the cancnical ensemble appear in many textbooks on
statistical mechanics (see, for instance, Becker 1967,
pp 94-8 and 142); in particular, the height distribu-
tion in the canomnical ensemble has the well known
barometric form.

We start, in section 2, by calculating the micro-
canonical density function for an ideal gas (in any
dimension) in a vertical gravitational field, The
single-particle height and momentum (or velocity)
distributions are then derived by integrating this den-
sity function over appropriate phase coordinates.
The integrations appearing in the calculations are
carried out by means of a procedure based in the
Dirichlet integral (Ferndndez-Pineda et ol 1979).
The single-particle energy distribution is obtained
from the well known energy distribution law of a
component in the microcanonical ensemble. The
moments associated to each distribution are derived
and some interesting observations on the statistical
correlation between height and velocity are also
reported. In section 3 we calculate the asymptotic
expressions of the microcanonical distributions in
the ihermodynamic limit, obtaining the canomnical
forms characterizing this system. In particular, we
show that the momentum and velocity distri-
butions are identical to the Maxwell and Maxwell-
Beltzmann distributions of an ideal gas (without
gravitational field) whereas the height distribution
takes the barometric form. The moments correspond-
ing to the canonical distributions are also calculated,
showing that height and velocity are now statistically
independent variables. Finally, in section 4, a
comparison between microcanonical and canonical
distributions for a two-dimensional ideal gas in a
gravitational field is made.

2. Single-particle distributions in the
microcanonical ensemble

We consider a f-dimensional { f = 1,2,3) ideal gas
consisting of N identical structureless particles con-
tained into a vertical vessel of linear dimensions L,
{@=1,...,f). The system is placed in a gravita-
tional field of intensity g directed downward. The
classical Hamiltonian of the system is

™ o2 N
— o
H—K+EP+EW+O;EE+;mgz;+Ew

(1)

where » is the mass of a particle, p, a Cartesian com-
ponent of the momentum of a particle, z; the height
of the ith particle with respect to the bottom of the

vessel, and
{ 0 inside the vessel,
E,=
oo

in the vessel walls.

Furthermore, we assume that the vertical dimension
L, of the vessel is such that: L, = co.

2.1. The density function

In the microcanonical ensemble the macrostate of the
system is defined by a constant energy (E), a fixed
number of particles (¥) and a fixed volume (V).
The equilibrium density function is given by

o) =gy iHen-E

where (¢,p) = (q1,.--,qmw; P1,-.. Ppy) denotes the
phase coordinates of the system, 6@) is the Dirac
delta function, and Q(E,V,N) is the density of
states, which is equal, by definition, to the number
of microstates compatible with the macrostate
{E,V,N). It is well known that the density of states
can be obtained from,

QE, V. N) = (a————q’(%;"v)) .

where $(E, V., N) is the phase volume, which is
defined as the number of microstates with energy
equal to or less than £,

(3)

®E,V,N)= dgy ...dgwdp; ... dpy.
DS H{gp)SE
(4)
Fernandez-Pineda et al developed a very elegant
approach to evaluate the phase volume (4) based

on the Dirichlet integral formula. This method
makes use of the integral

Jj @l ey ds,

0= i[’.ﬁ/bﬂu" <1
j=1
115" 11 T(e/8)
_J=1 j=1
jgl@ r (1 +E: aj/ﬁj)

where I'(x) is the Euler gamma function. In the pres-
ent case, taking into account the Hamiltonian (1),
when the horizontal position coordinates are inte-
grated out, equation (4) gives:

-]

FLi N
o< E(ﬁ«/\/ﬁﬂgl(wﬁlms) <1
am=] I3

(5)

O(E,N) =AY

xd.z; ...d.’.’Ndp] ...dpm

where A = Hi;} L,. The above equation has the
same form as equation (5). When parameters are
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identified, one easily gets:
AN (2 N2l DN 2
(5, N) =20 m
£ TE/N+N+1)
where a factor 2" has been taken into account because
the integration over the momenta in equation (3) is

performed over positive and negative values of these
variables. From equations (3) and (7), one obtains

AE N) B AN(ZW)fN/Zm(f—Z)N/Z
T gNTUFN + N)

for the density of states.

EU+2}N/2 (7)

E[(f+ 2N/ =1 (8)

2.2. Velocity and height prebability distributions

The height and momenium density distribution
we (21, 51)(F) = {p1,....pr)) for one particle can be
obtained from the microcanonical density function
(2) by integrating over all phase coordinates except
{z),71} and over spatial coordinates g # (z3,...,2zx)

w2, 5) = T;}—N—)J‘---Jélﬂ(q,p) - g]

% dgy...dgrndppyr - .- dprw

A" 8
—WJ : 'JEEHIE — Hig.p)|
X d22. --dsz.Pf+l e .dp_’rN
A" 8
QUE,N)BE

N

L N
0 Y (pa/y/2mE  + Z;(z./swmg)g

amf+l

xdz:...dszpf+i...dpr (9}

where #(x) is the Heaviside step function, E| =
E — (77 /2m) — mgz,, and where the subscript m
means microcanonical, The integral in equation (9)
has the sarne form as equation (5). Identifying para-
meters and taking into account equation (8), one
obtains

w21 B = TifN+N)
WP S DO PN N = 1(f +2))
w___ Mg
(2mm)y LEUS 22
ﬁz mez (/2 +18 -1(f/2)+2]
e S -1 §
x(l >mE E) (10}
Furthermore, taking into account that
2212
df = =—=p'"ldp 11
J(anglw) 7T )

&8

and that p = mv, from equation (10) one gets:

wn(zg,v) = P(%fN+N)

" T TG N+ N - (F12)/2)
5 mu+2)/2gvlf-1

2 =22 g+ D)2

{72+ 1N ~1(£42)+2]
) (12)

2
myy mgz
X( _m_mgEy

for the height and velocity (modulus) density distri-
bution for one particle.

The single-particle height distribution wy, (z;) can
be obtained by integrating distribution (12) over the
velocity v;. Taking into account the integral

@ Plim+1)/nl(p+ 1} iy
—_ z = /4
Jo’a"(“" XY ex = G Wt p 1]
(13)
one obtains,
£/ 2(E —mgz))
m(ar) = |, wmlzt, 01}
(N N\mgy  mgz\lm+iN-2
_(T+N I)E(l E)
(14)

In a similar way, and using equation (13), the
single-particle velocity distribution w,({v) can be
obtained by integrating distribution (12) over the
spatial coordinate z|,

o (27,1 )dz;

{E/mg)— (v} /2g)
W (Ul ) = J

= LI(fN/2)+ N] m! 2!~
T T[N/ + N = (f/2)] 2V -2

( mv;l;)[(flz)HI(N—lJ
X{1l===

5E (15}

This velocity distribution differs from the Schliiter
distribution, characteristic of an ideal gas (without
gravitational field) in the microcanonical ensemble
(Schlitter 1948, Velasco et af 1993), which is given
by:

Oy = _LUN/2) ki i
' (v1) = F(f/Z)F{(fN/Q) — (f/Z)] WE=-2/2pf/2

( m'v%) (SN2 -10F12) 4]
X|l==

3E (16}

Next we shall derive the mornents (zf},, and {v]},,
of distributions (14} and (15) respectively. Using
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equation (13), simple calculations lead to:
£ fmg
(=] Hwalz

_Din+ DIYSN/2} + N] (E)"
~ DI(/N/2)+ N +4|

msg
VT
o=,

- TI(f +n)/2]0[(fN/2) + N] (g) nf2
T(/2T[(FN/2)+ N+ (m/2)] \m .

(18)

Particularly interesting are the first moment of the

height distribution and the second moment of the
velocity distribution, which take the form:

(17)

vy (v )dey

(f+2)

for the mean kinetic energy. Note that: {(K)p+
{Ep}m = E and (K'f"m_ =(f/2)<Ep)m

Comparison of distributions {12), (14) and (15)
shows the fact that:

wn(z1,v1) # W(zJom () (23)

which indicates that, in a microcanonical scheme, the
height and the velocity of one particle are not szaris-
tically independent variables for an ideal gas in a
gravitational field; one says that they are correlated
variables. As a measure of this correlation we can
consider the cross moment,

Efmg A 2(E ~ mgzy }/m
(z.vl)m=J zldzl.[

2 E
2r E
C 7+2) (m) (20}
From equation (19) one gets
¥ 2E
Ep)m = ilm = 21
(Bl =3 migtin = (7 @y
for the mean potential energy, and
S L), = LE
(K)o = tmih)y, = (22)
i=1

vywn{zy, ¥ )dy)

_ T/ + 1/2)P[(f N/2) + V] (21282
T TN/ + N +3) \ mg |

(24)
One can easily check that: (z;9; )y % {21)m{v)a.

2.3, Energy probability distribution

Since the energy of one particle depends both on its
velocity and its height, it is not possible to derive the
single-particle energy distribution from the height
and velocity distribution (12) in a straightforward

way. Students of introductory courses in statistical
mechanics know that if ap isolated system ¥ can be
descomposed, in the sense discussed by Khinchin
(1949, pp 38-43), into two components &y and Ty,
the probability density of the energy E; of the com-
ponent ¥y has the form (Khinchin 1949, p 75, Becker

1967, p 138):
p(E[) = Q] (E])SEE(:)E — El) )

In particular, considering one particle as component
% and the remaining (N — 1) particles as component
2y, equation (25) leads to the following single-parti-
cle energy distribution:

o(E)) = Q) (E)Qw-1y(E — Ey)
Qy(E)
where @y, Qi _ 1) and Qy denote the density of states
for a system consisting of ore, (N—1) and N
particies, respectively. We remark that the above
equation is verified when the interparticle energy
interaction can be neglected, so that the energy of
the system is given by the sum of the energies of con-
stituent particles.

Substitution of equation (8) into equation (26)
leads to:

Pm(El) =

(25)

(26)

P[UN/2) + N]
T[(//2) + YT{UN/2) + N - [(f + 2)/2T}

1 (EN EN U+ =1-1
"f(f) (“f)

(27)
which is the single-particle energy distribution for
the considered finite system in the microcanonical
ensemble. Note that this distribution differs from
the Schliiter energy distribution characteristic of an
ideal gas without gravitational field (Velasco er al
1993) which is given by:

- T(fN/2) l(ggU”F’
CTU/2TUN2) ~ (/2 E\E
y (I _ﬂ)(fN/ZJ—[(fﬁ)H[

PRE)

(28)

Using integral (13), the moments of distribution (27)
can be obtained by a simple calculation,

£
<ﬂm=Lw%wma
_TI/2) 4t TN/ £ 8]

TN/ F DTN + N +a] (29)
In particular, the first two moments are given by:
<Ei)m =E/N (30)
__(f+4N (EV?
e =i ean i () )

Based on equations (19) and (20), one can check that:
(El)m = %m(vf)m + mg(zl)m-
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3. The thermodynamic limit

In the thermodynamic limit (TL)

= finite £ 0
(32)

the microcanonical distributions must approach the
canonical forms, since the infinite system acts as a
thermal bath for the single particle. Introducing the
fimits

=zt

N — oo, E—

H _ f "2 —nxja
ma—mo{ﬁ:ﬁnite (1 a) € (33)

- (m) o _ (v
n,a-rool-;lrlzaf::mﬁnitc F(n — V) a = (d) (34)

the TL of single-particle distributions {10), (12), (14),
(15} and (27) are, respectively,

=aﬂ;€#[(§+l)%]u+zm
ool 3 o) o9

il D2y £\ (f+2)/2
T(f /220 =272 |\2 E

XU{'IEXP[—(£+ 1)%(%112'—+mgz1)]

we(z1,71)

w,_-(z'.’],l?[) =

(36)
)l
(37)
we(v) = F(J—"/_Zm);—_ipi[(é'*'l J‘Ef]ffz
xof e @H) Nmz] (38)
PAE) = F[U/;)+1] [( +1)Nj{f+w1

NE
* E{”zexp[—(“g+ 1} _'ITI]

where the label ‘¢’ means canonical.
Using the definition of temperature in the micro-
canonical ensemble,

o) L@ 2
kpT \OE Jpy B\BE/,y ¥

87

and taking into account expressions (7) and (8), one
obtaing

1 (f \N

1
JT (2 * ) T
which remains finite in the thermodynamic limit.
Substitution of equation (41) into equations (35)-(39)
leads to the following expressions for the single-particle

distributions of an ideal gas in a gravitational field
within the canonical ensembie framework:

(41)

] mg (1 \V+22
wc(zlapl) = (27rm)f/2 (EB_T)
i
X exp {— (ﬂ + mgz;) / kBT] (42)
/D ] TR
wleo) = 55 ()

Xv{’lexp[—(%vi+mgz1)/kgf‘}

(43)
welz)) = ;::;?exp(— %f—;l) (44)
w2 1 /7
we(v)) = TG/ -8 (kTT)
x o~ Lexp (— ;;";%) (45)
1 1 (f+2)2
pe(Ey) = NTTAE] (kB—T)
x Ef r exP( kflT) (4e)

We notice that distributions (42) and (43) have the
usual Maxwell form, while the height distribution
(44) has the well known barometric form (Becker
1967, p 142). 1t is also interesting to compare the
velocity distribution (45) and the energy distribution
{46) with those characterizing an ideal gas in absence
of gravitational field, that is

(o) = ' _I_)f.v’z
¢ T{f/2)2V -2 \kpT

~1 mvf
x o] exp( ZkBT)

(AN pran g (L B
P(f/Z) kBT t .’CBT
(48)
{These distributions can be easily obtained as the T¢

{47)

POE)
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of distributions (16) and (28), respectively.) One
can see that the velocity distributions (45) and
(47) bave the same form, i.e. within the canonical
scheme the single-particle velocity distribution of an
ideal gas is not sufficient to discern whether the
system is or is not in a gravitational field (remember
that both distributions are different in the micro-
canonical scheme). However, the single-particle
energy distributions (46) and (48) are not equal as
it happens in the microcanonical scheme.

Next we shall derive the moments of the single-
particle canonical distributions. From equations (44),
(45) and (46), one gets:

(Zf)c=J:27wc(zl)dzl = D(n+1) ( E )"

(/5 £ 1T \Nmg
(49)
el = J:o dhen(on)dey = r[%/;))m [(f/2)1+ R
* (%)m (50)

(B, = Eo Elp(E)E, = %J{Tﬂ
xmz)l_ﬂz‘(ﬁ) (51)

Comparison of these moments with those of the
corresponding microcanonical distributions leads
to:

(H)a __TIUN/2)+N]
@ TN+ N1

[(f/2)+ 1N "2 1

(52)
@m __ TIFN/2) + ] "
.  TIfN/2)+ N+ (n/2)] (f/2)+1]
KN (53)

(EP)m _ T[(fN/2) + Nj e
(E[ﬁc TTfN/2) + N +1] [(f/2) + 1]°N" "= 1.

(54)

From the above expressions, it is interesting to note
that: {z)}n = {z1}e, (vﬂm = ('v%)c and (Ey)y = {Ey}e,
while the other moments only coincide in the thermo-
dynamic limit.

Finally, from distributions (7), (37) and (38), it is
also interesting to note that:

welzy,v1) = w2y )ur (o)) (55)
which shows that, at difference with the microcan-
onical case (see equation (23)), the height and the
velocity of a particle become uncorrelated variables
in the canonical ensembile.

ol ()]

Figure 1. Single-particle height distributions for a two-
dimensional ideal gas consisting of 3, 4, 5 and 6 particles
in a gravitational field: microcanonical distribution (solid
lines) and canonical (barometric) distribution (dotted
lines). The inset shows the corresponding log plots.

4, Case of a two-dimensional ideal gas

We now proceed to compare the microcanonical and
canonical distributions reported in the above sections
for the case of a two-dimensional {/ = 2) ideal gas in
a gravitation field. In order to do this comparison we
use reduced heights, velocities and energies, defined
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0.5 i 1.5 2 2.5

<t

Figure 2. Same as figure 1 but for the single-particle
velocity distribution. The dashed lines correspond to the
microcanonical velocity distribution for an ideal gas in the
absence of a gravitational field.

by:

_  Nmgz _ Nm _  NE,

I = EE."I, U =AU E:=—E—l-
(56)

Then, the single-particle height (14}, velocity (15) and
energy (27) distributions, with f =2, in the micro-

89

<
LSV}

<
w

=3
T ¥

[~
[ U

o
=

[T S I

o
B W e

o
=

Figure 3. Same as figure 1 but for the single-particle
energy distribution.

canonical ensemble become, respectively,

_ 2\ AN -1
wn(f1) =£2lN~i)(1 -ﬁ‘) (57)

o 2AN=1)
(1) =(2—“’A7—‘151( —%) (59)

_ _ _ By IN-3
putp = 20025 (;_E)

(59)
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while the corresponding distributions in the can-
onical ensemble (equations (37), (38) and (39),
respectively) take the forms:

we(Z)) = 2exp(—27;) (60)
we(By) = 28 exp(—1}) (61)
Pe(Ey) = 4E exp(-2Ey). (62)

Figure 1 shows a comparison between the micro-
canonical (57) and canonical (60) height distribu-
tions for N =3, 4, 5 and 6. We can see that the
microcanonical distribution approaches the baro-
metric distribution (60) very quickly as ¥ increases.
Probably, a more illustrative way of comparing the
above distributions is showing the corresponding
log w(Z,). This is also shown in figure 1, where one
can appreciate the deviation of the microcanonical
height distribution from the linear behaviour of the
logarithmic barometric distribution.

Figure 2 shows the comparison between the micro-
canonical (58) and canonical (61) velocity distribu-
tions for N =3, 4, 5 and 6. We can see that the
microcanonical distribution approaches the Max-
well distribution (61) very quickly as ¥ increases.

In order to jllustrate the influence of the gravi-
tational field, we have also plotted in figure 2 the
single-particle microcanonical velocity distribution
of an ideal gas in the absence of gravitational feld
(equation (16) with f = 2),

N-1 #\"?
W (1) = (—N—)al (1 —ﬁ) . (63)
Two main effects can be observed. First, the presence
of a gravitational field shifts the maximum of the
microcanonical velocity distribution toward the low
velocity region; i.e. the presence of a gravitational
field cools the gas. Second, the microcanonical velo-
city distrbution with gravitational field is closer to
the Maxwell distribution than the microcanonical
velocity distribution without gravitational field.

Finally, figure 3 shows the comparison between the
microcanonical (59) and canonieal (62) energy distri-
butions for N = 3, 4, 5 and 6, respectively,

5. Conclusions

We have derived, in the microcanonical ensemble
framework, the single-particle height, velocity and
energy distributions of an ideal gas in a gravitational
field. Calculations are based on well known concepts
in standard statistical mechanics courses and the
necessary mathematical background is accessible to
students of these courses. Among the obtained
results we remark that for this system the height
and the velocity are not statistically independent
variables. We have also shown that the microcan-
onical distributions approach the canonical forms
(with the characteristic exponential factor) in the
thermodynamic limit. Although there are differences
between these distributions and the canonical forms,
it is remarkable that they are very close even for a
reduced number of particles.
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